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Fourier Transform

Exercise 1

Let f:[0,1] = R, f € L?([0,1]). Then, f can be represented in form of the following two variants
of the Fourier series:

ft)=do+ Z diV/2 cos(2m(kt — o)) (1)
keN

F(t) =ao+ Y axV2cos(2rkt) + Y  bp/2sin(2rkt) (2)
keN keN

Show that do = ag, d = \/aj + b3, and ¢}, = 5= arccos (Z—:) for k € N.

Solution

We use the addition theorem cos(a + ) = cosacosf — sinasin 8 with a = 27kt, 8 = —27yy.
Then

cos(2m(kt — ¢r)) = cos(2mkt) cos(—2mpy) — sin(27kt) sin(—2mwy,)
= cos(2mpy ) cos(2mkt) + sin(2mpy ) sin(27kt)

Comparing coefficients in (1) and (2) one obtains

dj, cos(2mpy,)
di, sin(2mey,)

ag
by

} S (@) = &,

and cos(2mpy) = ‘Zl—’; implies ¢, = % arccos (Z_IZ)



Exercise 2

Let f:[0,1] = R, f € L*([0,1]), be as in the previous exercise. Then, using a complex formulation
of the Fourier series, f can be represented as

F) =3 exe?mikt, (3)

keZ

Let ¢ = |ck|e?™* be the polar coordinate representation of the complex number c,. Show that

do=co, dr=V2lckl, @r =",
ar = \/ERG(C}C), bk = 7\/51111(0[6).

for k € N.

Solution

Since f is a real-valued function, one obtains
2 Ck€27”kt _ — f § Ck€2ﬂ—zkt cre —2mikt
keZ kEZ

and therefore c_j; = ¢;. From this follows

f(t) _ che%rikt

keZ

=co+ Z (ckeQﬂ'ikt + c_ke—Qﬂ'ikt)
keN

=co+ Z (Cke2m'kt + 562”’“)
keN

=co+ Z 9 Re 27rzkt
keN

— o+ > 2Re ((Re(ck) +iTm(er)) - (cos(2mkt) + isin(27rkt)))
keN

=co+ Z 2Re(ck) cos(2mkt) — 2Im(cg) sin(27kt). (4)
keN

Hence, by comparing coefficients of (4) with (2), one obtains
ar = \/§Re(ck), bk = 7\/51111(6]9)

di, = \/ai—i—bQ Z\/§|Ck|.
do = ¢

Moreover, by substituting a; and dy, one obtains

1 ak
= —— arccos
Pk 2 dk

= L arceos (Re( k>)

2m |ck]

1 ek | cos(2my)
= —arccos | ———— | =y
27 ek




